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Abstract
In the present study, an interface element with softening and hardening series springs is used to model crack growth in 
steel. These series spring elements are developed to obtain the strain energy release rates based on the virtual crack 
closure technique (VCCT). Two nonlinear springs are proposed to be placed between interfacial node pairs. A spring 
element with softening behaviour and another spring element with hardening behaviour are placed in series at the crack tip 
between two nodes to calculate the internal forces. Therefore, with these springs, strain energy release rates can be
calculated directly. Also, with the implementation of fracture criteria, crack growth can be also analyzed. The model
decreases computational time and complexity for analysing discrete cracks. The model is easy, accurate, and independent
of the mesh size.
© 2013 Published by Elsevier B.V. Selection and/or peer review under responsibility of Asia-Pacific
Chemical, Biological & Environmental Engineering Society
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1. Introduction
The interface element is a familiar technique in crack propagation analysis [1]. The interface element is
embedded along the possible crack direction and is used widely in cohesive zone model (CZM) [2]. There is a 
region in front of the real crack tip, which leads to crack closure [3]. This zone is called fracture process zone 
(FPZ). This region includes two zones in ductile materials (Fig. 1). The first zone is the softening behaviour
[4]. In this zone, the interlocking crack surfaces after the peak load contribute to a gradual decline in stress
and prevent sudden failure. Another zone is hardening zone in which stress increases with increase of the 
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displacement. One of the interface elements is discrete cohesive zone model (DCZM) to model CZM which is 
very simple to implement. The DCZM is based on the basic idea that cohesive zone behaves like a spring. 
This point of view suggests that instead of using a 2-D interface element along the crack path, a spring 
element could be used between interfacial node pairs. In the present study, DCZM is applied because this 
method reduces computational time and it is compatible with the finite element method [5]. 
 
 
 
 
 
 
 
Fig. 1. FPZ in front of crack with normal stress 
In ductile materials, such as steel, the hardening zone is important and cannot be ignored. To do so, 
stiffness of the elements should be properly chosen to consider both of hardening and softening zones. Also, 
to predict crack propagation, correct estimation of energy release rates is important [6].  
In the present study, the interface element boundaries are used to simulate cohesive cracks in steel. This 
model justifies the softening and hardening behavior of normal stress in two dimensional finite element 
methods in beam. Two spring elements are used with the softening and hardening behavior to derive forces in 
the nodes. A spring element with softening behaviour and another spring element with hardening behaviour 
are set in series at the crack tip between two nodes to calculate the internal forces. Strain energy release rate is 
obtained directly. 
2. Numerical Model 
2.1. Interface element 
Fig. 2 shows the interface element. Two nonlinear series springs, with the softening and the hardening 
behavior, are proposed to be placed between interfacial node pairs. In this figure, the nodes 1 and 2 have the 
same initial coordinates. Springs series are set at the crack tip between the nodes 1 and 2. Nodes 3 and 4 are 
dummy nodes and they are used only to illustrate the variation in the crack form [7]. 
 
 
 
 
 
 
 
 
 
 
Fig. 2. series springs interface element between two nodes 
The local element stiffness matrix and the displacement vector related to nodes 1 and 2 are given by: 
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where kxandky are the stiffness values corresponding to the local coordinates  x and y, respectively. u1 and u2 
are displacement components in x and y directions for node 1, u3 and  u4 are displacement components in x 
and y directions for node 2, respectively. In this research, the value of the stiffness in x directionkx, is based 
on the normal stress versus crack opening curve. In the softening zone, there is still some resistance, but stress 
drops dramatically. Stiffness of the spring with softening behavior kxs, can be expressed as [8]: 
kxs=B ∆(Se- Se
2
Se-S
)     (2) 
where B , ∆, Se  and S  are the thickness of the beam, the element size, the slope of the elastic zone and 
softening parameter, respectively. Stiffness of spring with hardening behavior kxp, can be expressed as: 
kxp=B ∆(Se- Se
2
Se+H
)         (3) 
where H is strain-hardening parameter. Therefore, the total stiffness of spring in Eq. (1) can be expressed by: 
ଵ
 kx
= ଵ
kxp
+  ଵ
kxs
       (4) 
Since only Mode I of fracture is considered and the crack path is known, the stiffness component in ݕ 
direction can be calculated from the shear modulus of the concrete using previous studies without any changes. 
2.2. Energy release rate 
All the nodal force (Fx ) due to strain energy in x direction is: 
Fx=kx൫u1-u3൯    (5) 
The crack opening displacement is: 
∆u=u5-u7    (6) 
where ∆u is the crack opening displacement while u5 and u7 are displacement components in  ݔ direction for 
nodes 3 and 4, respectively. Based on VCCT, strain energy release rate for Mode I, due to this force, is [7]: 
GI=
Fx∆u
2B௟ᇲ    (6) 
where A is the crack surface area and l'  is the crack extension length. The value of GI is compared with the 
critical strain energy release rate Gcfor crack propagation. When GI< Gc , kx is determined as (4) and when 
GI ൐ Gc;  kx ൌ ͲǤͲ is chosen. Since the plastic zone length is larger than the length of the elastic zone in 
ductile material, the crack extension length is assumed as maximum length of the plastic zone [6]. In this 
study,l' is assumed as the maximum length of  the plastic zone and it is given by [6]: 
݈ᇱ ൌ SeGc
π ௙೤మ  (7) 
where ௬݂ is the yield stress of steel. FEAPpv program code is developed for analysis of 2-D plane stress in 
steel [9]. Nonlinear springs are implemented for interface element in the User Subroutine FEAPpv Fortran 
programming while nonlinear dynamic relaxation method is used for interface element in the program. Four-
node iso-parametric elements are used for bulk steel as linear elastic.  
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3. Result and discussion 
Fig. 3(a) shows double cantilever beam which were analysed by Xie and Biggers [7]. The length, the width, 
and the thickness are 1000 mm, 20 mm and 50 mm, respectively. The distance between the load point to the 
crack tip is 500 mm. Parameter values of fracture are Gc=0.28 N/m, Se=135.35 GPa and ௬݂=250 MPa. The 
initial mesh is illustrated in Fig. 3(b). 
 
 
 
 
 
 
Fig. 3. (a) geometry of double cantilever beam (Unit: mm); (b) initial mesh 
Fig. 4 illustrates the curve of load versus deflection οᇱ , with three size meshes in the present model 
compared with the model given by Xie and Biggers [7] and analytical solution by Murakami[10]. It can be 
seen from Fig. 4, that load versus deflection curve obtained, by the analytical solutions, are in close agreement 
with the present model.  
 
Fig. 4. Load-deflection curves [10], [7] 
There are two stages for the curve in Fig. 4: elastic and softening stage. During elastic stage, the load 
increases with growing deflection. In the meantime, the strain energy increases at the crack tip until it exceeds 
Gc at the peak load and the crack begins to propagate. During the softening, crack propagation is controlled 
by the fracture criterion GI< Gc. Mesh (a) has 68 interface elements; mesh (b) has 54 interface elements; and 
(c) has 33 interface elements. The approximate matching of the three curves demonstrates the independence 
of the model from mesh size and shows the model has fast convergence. Fig. 5 shows the comparison between 
the proposed model and the model given by Xie and Biggers [7] for the crack length versus deflection curve. 
Excellent agreement between the proposed model, the model given by Xie and Biggers [7] and Murakami [10] 
for the crack length further validates the model.  
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Fig. 5. Comparison of the Xie and Biggers model [7], Murakami [10] and present method for crack length 
4. Conclusion 
In the present study, an interface element with softening and hardening springs is used to model crack 
growth in steel. These series springs element are developed to obtain the strain energy release rates based on 
the VCCT. Two nonlinear springs are proposed to be placed between interfacial node pairs. Therefore, with 
these springs, strain energy release rates can be calculated directly. Also, with the implementation of fracture 
criteria, crack growth can also be analyzed. The model is easy, accurate, and independent of the mesh size. 
The model decreases computational time and complexity for discrete cracks and provides accuracy as 
compared to other previous research.  
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